QUATERNIONS AND VECTOR ANALYSIS

J. Willard Gibbs, Ph.D., LL.D.

Nature, vol. xlviii. pp. 364-367, Aug. 17, 1893.

In a paper by Prof. C. G. Knott on “Recent Innovations in Vector Theory,” of which an abstract has been given in Nature (vol. xlvii, pp. 590-593; see also a minor abstract on p. 287), the doctrine that the quaternion affords the only sufficient and proper basis for vector analysis is maintained by arguments based so largely on the faults and deficiencies which the author has found in my pamphlet, Elements of Vector Analysis, as to give to such faults an importance which they would not otherwise possess, and to make some reply from me necessary, if I would not discredit the cause of non-quaternionic vector analysis. Especially is this true in view of the warm commendation and endorsement of the paper, by Prof. Tait, which appeared in Nature somewhat earlier (p. 225).

The charge which most requires a reply is expressed most distinctly in the minor abstract, viz., “that in the development of his dyadic notation, Prof. Gibbs, being forced to bring the quaternion in, logically condemned his own position.” This was incomprehensible to me until I received the original paper, where I found the charge specified as follows: “Although Gibbs gets over a good deal of ground without the explicit recognition of the complete product, which is the difference of his ‘skew’ and ‘direct’ products, yet even he recognises in plain language the versorial character of a vector, brings in the quaternion whose vector is the difference of a linear vector function and its conjugate, and does not hesitate to use the accursed thing itself in certain line, surface, and volume integrals” (Proc. R.S.E., Session 1892-3, p. 236). These three specifications I shall consider in their inverse order, premising, however, that the epitheta ornantia are entirely my critic’s.

The last charge is due entirely to an inadvertence. The integrals referred to are those given at the close of the major abstract in Nature (p. 593). My critic, in his original paper, states quite correctly that, according to my definitions and notations, they should represent dyadics. He multiplies them into a vector, introducing the vector under the integral sign, as is perfectly proper, provided, of course, that the vector is constant. But failing to observe this restriction, evidently through inadvertence, and finding that the resulting equations (thus interpreted) would not he true, he concludes that I must have meant something else by the original equations. Now, these equations will hold if interpreted in the quaternionic sense, as is, indeed, a necessary consequence of their holding in the dyadic sense, although the converse would not he true. My critic was thus led, in consequence of the inadvertence mentioned, to suppose that I had departed from my ordinary usage and my express definitions, and had intended the products in these integrals to he taken in the quaternionic sense. This is the sole ground for the last charge.

The second charge evidently relates to the notations Φ_S and Φ_× (see Nature, vol. xlvii, p. 592). It is perfectly true that I have used a scalar and a vector connected with the linear vector operator, which, if combined, would form a quaternion. I have not thus combined them. Perhaps Prof. Knott will say that since I use both of them it matters little whether I combine them or not. If so I heartily agree with him.

The first charge is a little vague. I certainly admit that vectors may he used in connection with and to represent rotations. I have no objection to calling them in such cases versorial. In that sense Lagrange and Poinsot, for example, used versorial vectors. But what has this to do with quaternions? Certainly Lagrange and Poinsot were not quaternionists.

The passage in the major abstract in Nature which most distinctly charges me with the use of the quaternion is that in which a certain expression which I use is said to represent the quaternion operator q( )q^{−1} (vol. xlvii, p. 592). It would he more accurate to say that my expression and the quaternionic expression represent the same operator. Does it follow that I have used a quaternion? Not at all. A quaternionic expression may represent a number. Does everyone who uses any expression for that number use quaternions? A quaternionic expression may represent a vector. Does everyone who uses any expression for that vector use quaternions? A quaternionic expression may represent a linear vector operator. If I use an expression for that linear vector operator do I therefore use quaternions? My critic is so anxious to prove that I use quaternions that he uses arguments which would prove that quaternions were in common use before Hamilton was born.

So much for the alleged use of the quaternion in my pamphlet. Let us now consider the faults and deficiencies which have been found therein and attributed to the want of the quaternion. The most serious criticism in this respect relates to certain integrating operators, which Prof. Tait unites with Prof. Knott in ridiculing. As definitions are wearisome, I will illustrate the use of the terms and notations which I have used by quoting a sentence addressed to the British Association a few years ago. The speaker was Lord Kelvin.

“Helmholtz first solved the problem—Given the spin in any case of liquid motion, to find the motion. His solution consists in finding the potentials of three ideal distributions of gravitational matter having densities respectively equal to 1/π of the rectangular components of the given spin; and, regarding for a moment these potentials as rectangular components of velocity in a case of liquid motion, taking the spin in this motion as the velocity in the required motion” (Nature, vol. xxxviii, p. 569).

In the terms and notations of my pamphlet the problem and solution may be thus expressed:

Given the curl in any case of liquid motion—to find the motion. The required velocity is 1/4π of the curl of the potential of the given curl. Or, more briefly—The required velocity is^1_{4π} of the Laplacian of the given curl.

Or in purely analytical form—Required ω in terms of ∇ × ω, when ∇.ω = 0. Solution:

ω = 1/4π ∇ × Pot∇ × ω = 1/4π Lap ∇ × ω.

(The Laplacian expresses the result of an operation like that by which magnetic force is calculated from electric currents distributed in space. This corresponds to the second form in which Helmholtz expressed his result.)

To show the incredible rashness of my critics, I will remark that these equations are among those of which it is said in the original paper (Proc. R.S.E., Session 1892-93, p. 225), “Gibbs gives a good many equations—theorems I suppose they ape at being.” I may add that others of the equations thus characterized are associated with names not less distinguished than that of Helmholtz. But that to which I wish especially to call attention is that the terms and notations in question express exactly the notions which physicists want to use.

But we are told (Nature, vol. xlvii, p. 287) that these integrating operators (Pot, Lap) are best expressed as inverse functions of ∇. To see how utterly inadequate the Nabla would have been to express the idea, we have only to imagine the exclamation points which the members of the British Association would have looked at each other if the distinguished speaker had said:

Helmholtz first solved the problem—Given the Nabla of the velocity in any case of liquid motion, to find the velocity. His solution was that the velocity was the Nabla of the inverse square of Nabla of the Nabla of the velocity. Or, that the velocity was the inverse Nabla of the Nabla of the velocity.

Or, if the problem and solution had been written thus: Required ω in terms of ∇ω when S∇ω = 0.

Solution:

ω = ∇∇^{−2}∇ω = ∇^{−1}∇ω.

My critic has himself given more than one example of the unfitness of the inverse Nabla for the exact expression of thought. For example, when he says that I have taken “eight distinct steps to prove two equations, which are special cases of ∇^{−2}∇^2u = u,” I do not quite know what he means. If he means that I have taken eight steps to prove Poisson’s Equation (which certainly is not expressed by the equation cited, although it may perhaps be associated with it in some minds), I will only say that my proof is not very long, especially as I have aimed at greater rigor than is usually thought necessary. I cannot, however, compare my demonstration with that of quaternionic writers, as I have not been able (doubtless on account of insufficient search) to find any such.

To show how little foundation there is for the charge that the deficiencies of my system require to be pieced out by these integral operators, I need only say that if I wished to economise operators I might give up New, Lap, and Max, writing for them ∇Pot,∇ × Pot, and ∇. Pot, and if I wished further to economise in what costs so little, I could give up the potential also by using the notation (∇.∇)^{−1} or ∇^{−2}. That is, I could have used this notation without greater sacrifice of precision than quaternionic writers seem to be willing to make. I much prefer, however, to avoid these inverse operators as essentially indefinite.

Nevertheless—although my critic has greatly obscured the subject by ridiculing operators, which I beg leave to maintain are not worthy of ridicule, and by thoughtlessly asserting that it was necessary for me to use them, whereas they are only necessary for me in the sense in which something of the kind is necessary for the quaternionist also, if he would use a notation irreproachable on the score of exactness—I desire to be perfectly candid. I do not wish to deny that the relations connected with these notations appear a little more simple in the quaternionic form. I had, indeed, this subject principally in mind when I said two years ago in Nature (vol. xliii, p. 512): “There are a few formulæin which there is a trifling gain in compactness in the use of the quaternion.” Let us see exactly how much this advantage amounts to.

There is nothing which the most rigid quaternionist need object to in the notation for the potential, or indeed for the Newtonian. These represent respectively the operations by which the potential or the force of gravitation is calculated from the density of matter. A quaternionist would, however, apply the operator New not only to a scalar, as I have done, but to a vector also. The vector part of Newω (construed in the quaternionic sense) would be exactly what I have represented by Lap ω, and the scalar part, taken negatively, would be exactly what I have represented by Max ω. The quaternionist has here a slight economy in notations, which is of less importance, since all the operators—New, Lap, Max—may be expressed without ambiguity in terms of the potential, which is therefore the only one necessary for the exact expression of thought.

But what are the formulæwhich it is necessary for one to remember who uses my notations? Evidently only those which contain the operator Pot. For all the others are derived from these by the simple substitutions

New = ∇ Pot,

Lap = ∇ × Pot,

Max = ∇. Pot .

Whether one is quaternionist or not, one must remember Poisson’s Equation, which I write ∇.∇Pot ω = −4πω,

and in quaternionic might be written

∇^2 Pot ω = 4πω.

If ω is a vector, in using my equations one has also to remember the general formulæ, ∇.∇ω = ∇∇.ω − ∇ × ∇ × ω which as applied to the present ease may be united with the preceding in the threemembered equation,

∇.∇ Pot ω = ∇∇. Pot ω − ∇ × ∇ × Pot ω = −4πω.

This single equation is absolutely all that there is to burden the memory of the student, except that the symbols of differentiation (∇,∇×,∇.) may be placed indifferently before or after the symbol for the potential, and that if we choose we may substitute as above New for ∇Pot, etc. Of course this gives a good many equations, which on account of the importance of the subject (as they might almost be said to give the mathematics of the electro-magnetic field) I have written out more in detail than might seem necessary. I have also called the attention of the student to many things, which perhaps he might be left to himself to see. Prof. Knott says that the quaternionist obtains similar equations by the simplest transformations. He has failed to observe that the same is true in my Vector Analysis, when once I have proved Poisson’s Equation. Perhaps he takes his model of brevity from Prof. Tait, who simplifies the subject, I believe, in his treatise on Quaternions, by taking this theorem for granted.

Nevertheless, since I am forced so often to disagree with Prof. Knott, I am glad to agree with him when I can. He says in his original paper (p. 226), “No finer argument in favour of the real quaternion vector analysis can be found than in the tangle and the jangle of sections 91 to 104 in the Elements of Vector Analysis.” Now I am quite ready to plead guilty to the tangle. The sections mentioned, as is sufficiently evident to the reader, were written at two different times, sections 102- 104 being an addition after a couple of years. The matter of these latter sections is not found in its natural place, and the result is well enough characterised as a tangle. It certainly does credit to the conscientious study which Prof. Knott has given to my pamphlet, that he has discovered that there is a violent dislocation of ideas just at this point. For such a fault of composition I have no sufficient excuse to offer, but I must protest against its being made the ground of any broad conclusions in regard to the fundamental importance of the quaternion.

Prof. Knott next proceeds to criticise—or at least to ridicule—my treatment of the linear vector function, with respect to which we read in the abstract:—“As developed in the pamphlet, the theory of the dyadic goes over much the same ground as is traversed in the last chapter of Kelland and Tait’s Introduction to Quaternions. With the exception of a few of those lexicon products, for which Prof. Gibbs has such an affection, there is nothing of real value added to our knowledge of the linear vector function.” It would not, I think, be difficult to show some inaccuracy in my critic’s characterisation of the real content of this part of my pamphlet. But as algebra is a formal science, and as the whole discussion is concerning the best form of representing certain kinds of relations, the important question would seem to be whether there is anything of formal value in my treatment of the linear vector function.

Now Prof. Knott distinctly characterises in half a dozen words the difference in the spirit and method of my treatment of this subject from that which is traditional among quaternionists, when lie says of what I have called dyadics—“these are not quantities, but operators” (Nature, vol. xlvii, p. 592). I do not think that I applied the word quantity to the dyadics, but Prof. Knott recognised that I treated them as quantities—not, of course, as the quantities of arithmetic, or of ordinary algebra, but as quantities in the broader sense, in which, for example, quaternions are called quantities. The fact that they may be operators does not prevent this. Just as in grammar verbs may be taken as substantives, viz., in the infinitive mood, so in algebra operators—especially such as are capable of quantitative variation—may be regarded as quantities when they are made the subject of algebraic comparison or operation. Now I would not say that it is necessary to treat every kind of operator as quantity, but I certainly think that one so important as the linear vector operator, and one which lends itself so well to such broader treatment, is worthy of it. Of course, when vectors are treated by the methods of ordinary algebra, linear vector operators will naturally be treated by the same methods, but in an algebra formed for the sake of expressing the relations between vectors, and in which vectors are treated as multiple quantities, it would seem an incongruity not to apply the methods of multiple algebra also to the linear vector operator.

The dyadic is practically the linear vector operator regarded as quantity. More exactly it is the multiple quantity of the ninth order which affords various operators according to the way in which it is applied. I will not venture to say what ought to be included in a treatise on quaternions, in which, of course, a good many subjects would have claims prior to the linear vector operator; but for the purposes of my pamphlet, in which the linear vector operator is one of the most important topics, I cannot but regard a treatment like that in Hamilton’s Lectures, or Elements, as wholly inadequate on the formal side. To show what I mean, I have only to compare Hamilton’s treatment of the quaternion and of the linear vector operator with respect to notations. Since quaternions have been identified with matrices, while the linear vector operator evidently belongs to that class of multiple quantities, it seems unreasonable to refuse to the one those notations which we grant to the other. Thus, if the quaternionist has e^q,log q,sin q,cos q, why should not the vector analyst have e^Φ,log Φ,sin Φ,cos Φ, where Φ represents a linear vector operator? I suppose the latter are at least as useful to the physicist. I mention these notations first, because here the analogy is most evident. But there are other cases far more important, because more elementary, in which the analogy is not so near the surface, and therefore the difference in Hamilton’s treatment of the two kinds of multiple quantity not so evident. We have, for example, the tensor of the quaternion, which has the important property represented by the equation: T(qr) = Tq Tr.

There is a scalar quantity related to the linear vector operator, which I have represented by the notation |Φ| and called the determinant of Φ. It is in fact the determinant of the matrix by which Φ may be represented, just as the square of the tensor of q (sometimes called the norm of q) is the determinant of the matrix by which q may be represented. It may also be defined as the product of the latent roots of Φ just as the square of the tensor of q might be defined as the product of the latent roots of q. Again, it has the property represented by the equation

|Φ.Ψ| = |Φ||Ψ|

which corresponds exactly with the preceding equation with both sides squared.

There is another scalar quantity connected with the quaternion and represented by the notation Sq. It has the important property expressed by the equation,

S(qrs) = S(rsq) = S(sqr),

and so for products of any number of quaternions, in which the cyclic order remains unchanged. In the theory of the linear vector operator there is an important quantity which I have represented by the notation Φ_S, and which has the property represented by the equation

(Φ.Ψ.Ω)_S = (Ψ.Ω.Φ)_S = (Ω.Φ.Ψ)_S,

where the number of the factors is as before immaterial. Φ_S may be defined as the sum of the latent roots of Φ, just as 2 Sq may be defined as the sum of the latent roots of q.

The analogy of these notations may be further illustrated by comparing the equations T(e^q) = e^{S q} and |e^Φ| = e^{ΦS} .

I do not see why it is not as reasonable for the vector analyst to have notations like |Φ| and Φ_S, as for the quaternionist to have the notations Tq and Sq.

This is of course an argumentum ad quaternionisten. I do not pretend that it gives the reason why I used these notations, for the identification of the quaternion with a matrix was, I think, unknown to me when I wrote my pamphlet. The real justification of the notations |Φ| and Φ_S is that they express functions of the linear vector operator quâ quantity, which physicists and others have continually occasion to use. And this justification applies to other notations which may not have their analogues in quaternions. Thus I have used Φ_× to express a vector so important in the theory of the linear vector operator, that it can hardly be neglected in any treatment of the subject. It is described, for example, in treatises as different as Thomson and Tait’s Natural Philosophy and Kelland and Tait’s Quaternions. In the former treatise the components of the vector are, of course, given in terms of the elements of the linear vector operator, which is in accordance with the method of the treatise. In the latter treatise the vector is expressed by

Vαα^′ + Vββ^′ + Vγγ^′.

As this supposes the linear vector operator to be given not by a single letter, but by several vectors, it must be regarded as entirely inadequate by any one who wishes to treat the subject in the spirit of multiple algebra, i.e. to use a single letter to represent the linear vector operator.

But my critic does not like the notations |Φ|,Φ_S,Φ_×. His ridicule, indeed reaches high-water mark in the paragraphs in which he mentions them. Concerning another notation, Φ^×Φ (defined in Nature, vol. xliii, p. 513), he exclaims, “Thus burden after burden, in the form of new notation, is added apparently for the sole purpose of exercising the faculty of memory.” He would vastly prefer, it would appear, to write with Hamilton mϕ^{′−1}, “where m represents what the unit volume becomes under the influence of the linear operator.” But this notation is only apparently compact, since the m requires explanation. Moreover, if a strain were given in what Hamilton calls the standard trinomial form, to write out the formula for the operator on surfaces in that standard form by the use of the expression mϕ^{′−1} would require, it seems to me, ten (if not fifty) times the effort of memory and of ingenuity, which would he required for the same purpose with the use of 1 2 Φ^×Φ.

I may here remark that Prof. Tait’s letter of endorsement of Prof. Knott’s paper affords a striking illustration of the convenience and flexibility of a notation entirely analogous to Φ^×Φ, viz., Φ : Φ. He gives the form S∇∇_1 Sσσ_1 to illustrate the advantage of quaternionic notations in point of brevity. If I understand his notation, this is what I should write ∇σ : ∇σ. (I take for granted that the suffixes indicate that ∇ applies as differential operator to σ, and ∇_1 to σ_1, σ and σ_1 being really identical in meaning, as also ∇ and ∇_1.) It will be observed that in my notation one dot unites in multiplication the two ∇’s, and the other the two σ’s, and that I am able to leave each ∇ where it naturally belongs as differential operator. The quaternionist cannot do this, because the ∇ and σ cannot be left together without uniting to form a quaternion, which is not at all wanted. Moreover, I can write Φ for ∇σ, and Φ : Φ for ∇σ : ∇σ. The quaternionist also uses a ϕ, which is practically identical with my Φ (viz., the operator which expresses the relation between dσ and dρ), but I do not see how Prof. Knott, who I suppose dislikes Φ : Φ as much as Φ^×Φ, would express S∇∇_1 Sσσ_1 in terms of this ϕ.

It is characteristic of Prof. Knott’s view of the subject, that in translating into quaternionic from a dyadic, or operator, as he calls it, he adds in each case an operand. In many cases it would be difficult to make the translation without this. But it is often a distinct advantage to be able to give the operator without the operand. For example, in translating into quaternionic my dyadic or operator Φ × ρ, he adds an operand, and exclaims, “The old thing !” Certainly, when this expression is applied to an operand, there is no advantage (and no disadvantage) in my notation as compared with the quaternionic. But if the quaternionist wished to express what I would write in the form (Φ × ρ)^{−1}, or |Φ × ρ|, or (Φ × ρ)_S, or (Φ × ρ)_×, he would, I think find the operand very much in the way.