8 The Indian mathematician
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(1.15) The number of numbers between 4 and z which are either squares
.or sums of two squares is
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where K = 0-764 ... and 6(x) is very small compared with the previous

integral.
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I should like you to begin by trying to reconstruct the immediate reactions
of an ordinary professional mathematician who receives a letter like this
from an unknown Hindu clerk.

The first question was whether I could recognise anything. I had proved
things rather like (1.7) myself, and seemed vaguely familiar with (1.8).
Actually (1.8) is classical; it is a formula of Laplace first proved properly
by Jacobi; and (1.9) occurs in a paper published by Rogers in 1907. I
thought that, as an expert in definite integrals, I could probably prove (1.5)
and (1.6), and did so, though with a good deal more trouble than I had
expected. On the whole the integral formulae seemed the least impressive.

The series formulae (1.1)—(1.4) I found much more intriguing, and it soon
became obvious that Ramanujan must possess much more general theorems
and was keeping a great deal up his sleeve. The second is a formula of Bauer
well known in the theory of Legendre series, but the others are much harder
than they look. The theorems required in proving them can all be found now
in Bailey’s Cambridge Tract on hypergeometric functions.

The formulae (1.10)-(1.13) are on a different level and obviously both
difficult and deep. An expert in elliptic functions can see at once that (1.13)
is derived somehow from the theory of ‘‘complex multiplication’, but
(1.10)—(1.12) defeated me completely; I had never seen anything in the
least like them before. A single look at them is enough to show that they
could only be written down by a mathematician of the highest class. They
must be true because, if they were not true, no one would have had the
imagination to invent them. Finally (you must remember that I knew
nothing whatever about Ramanujan, and had to think of every possibility),
the writer must be completely honest, because great mathematicians are
commoner than thieves or humbugs of such incredible skill.

The last two formulae stand apart because they are not right and show
Ramanujan’s limitations, but that does not prevent them from being
additional evidence of his extraordinary powers. The function in (1.14) is
a genuine approximation to the coefficient, though not at all so close as
Ramanujan imagined, and Ramanujan’s false statement was one of the
most fruitful he ever made, since it ended by leading us to all our joint work
on partitions. Finally (1.15), though literally ‘““true’’, is definitely mis-
leading (and Ramanujan was under a real misapprehension). The integral
has no advantage, as an approximation, over the simpler function
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found in 1908 by Landau. Ramanujan was deceived by a false analogy with
the problem of the distribution of primes. I must postpone till later what
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